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Abstract
One of the effects of noncommutative coordinate operators is that the delta-function connected to
the quantum mechanical amplitude between states sharp to the position operator gets smeared by
a Gaussian distribution. Although this is not the full account of effects of noncommutativity, this
effect is in particular important, as it removes the point singularities of Schwarzschild and Reissner-
Nordstro¨m solutions. In this context, it seems to be of some importance to probe also into ring-like
singularities which appear in the Kerr case. In particular, starting with an anisotropic energy-
momentum tensor and a general axisymmetric ansatz of the metric together with an arbitrary mass
distribution (e.g. Gaussian) we derive the full set of Einstein equations that the Noncommutative
Geometry inspired Kerr solution should satisfy. Using these equations we prove two theorems
regarding the existence of certain Kerr metrics inspired by Noncommutative Geometry.
1
I. INTRODUCTION
Noncommutative Geometry [1] has been an active field of research in the last decades.
In particular, there have been several attempts [2, 3] to cure the appearance of infinities in
Quantum Field Theory by means of noncommutative field theories where the formulation
is done in terms of ordinary functions of commuting variables endowed with a Moyal or
∗-product. However, in the formulation of Noncommutative Geometry based on the afore-
mentioned product the basic property of the noncommutativity, namely the existence of a
natural ultraviolet cutoff due to the uncertainty in position, is not transparent. In particular,
the free propagator is unaffected by the ∗-product as if noncommutativity had no effect on
it. Calculations are than performed using truncated series expansion in the parameter char-
acterizing the noncommutativity of space. This approach leads to the ultraviolet/infrared
mixing phenomenon but one is still faced with divergences [4] to be cured as in ordinary
Quantum Field Theory. At the present stage, we cannot exclude that the complete sum-
mation of the ∗-product expansion might give a finite result but such a procedure presents
two major difficulties: it is far from being easy and goes beyond calculational capabilities.
Therefore, even if the use of the Moyal product is a well defined procedure, its application
as for now does not produce ultraviolet finiteness of Noncommutative Field Theory. On
the other hand, a new formulation of Quantum Field Theory on the noncommutative plane
[5] indicated that the existence of a minimal length in a noncommutative plane manifests
itself already in the free propagator. The core ingredients in the formulation of this model
without ∗-product is the use of expectation values of operators between coherent states [6],
whereas the noncommutativity of space-time is encoded in the commutator [xµ,xν ] = iΘµν ,
where Θµν is an anti-symmetric matrix which determines the fundamental cell discretization
of space-time. We recall that a similar commutation relation has been already introduced
in the seminal paper of Snyder [7]. In this approach, noncommutativity of coordinates is
carried on by the Gaussian spread of coherent states and modifies the structure of the Feyn-
man propagator rendering Quantum Field Theory ultraviolet finite [5]. To be more specific,
the amplitude 〈z|x〉 which in the standard quantum mechanical prescription is proportional
to the Dirac delta function δ(3)(z − x) can be replaced in Noncommutative Geometry by
a Gaussian distribution proportional to exp (−(z− x)2/2θ), where θ is a tiny parameter
encoding the noncommutativity of the space-time fabric [8]. Here, it must be emphasized
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that such a replacement is also possible when one considers the Voros product instead of
the Moyal product. For such a discussion, we refer to [9].
One might suspect that noncommutativity might also cure divergences appearing in various
forms in General Relativity. This conjecture has been studied in [9–15], where the noncom-
mutative inspired counterparts of the Schwarzschild and Reissner-Nordstro¨m metrics have
been derived. All these new black hole geometries contain their respective classical solutions
in the limit of a vanishing noncommutativity parameter θ. Moreover, the central singularity
is now replaced by a regular region represented by a self-gravitating, droplet of anisotropic
fluid. The main idea behind the derivation of these solutions does not rely on a modification
of the four-dimensional Einstein action to incorporate noncommutative effects but it con-
sists in implementing noncommutativity only in the matter source [14]. In the present work
we specialize to the axisymmetric case of the Kerr black hole where one would expect that
the classical ring singularity should be replaced by a certain Gaussian distribution given
in appendix D. In particular, we present the full set of Einstein equations with anisotropic
energy-momentum tensor. The resulting set of equations is a highly complicated system of
nonlinear partial differential equations, for which at present we do not have a solution. We
recall however, that this is also the case for a similar set of equations where in contrast to
us the energy-momentum tensor is isotropic [16]. The usefulness of our equations lies in
the fact that any noncommutative Kerr candidate, be it an educated guess or a particular
solution, must satisfy the set of equations (12)-(19). In this respect, we mention the work
of [17] where the authors claimed to have derived the noncommutative counterpart of the
Kerr metric. Despite the educated guess leading to the so-called Kerrr metric the authors
did not perform any consistency check regarding the question whether their solution satis-
fies all Einstein field equations coupled to an anisotropic source or not. Here, we offer the
solution to this problem presented in form of two theorems. In appendix B we performed
the consistency check for the same choice of the energy-momentum tensor done in [17] and
we showed that the metric represented by equation (44) in [17] can never satisfy all Einstein
field equations.
3
II. THE EINSTEIN FIELD EQUATIONS WITH ANISOTROPIC MATTER
SOURCE
According to [18] the most general ansatz for metrics describing stationary axisymmetric
space-times in Boyer-Lindquist coordinates (t, R, ϑ, ϕ) can be written in the form
ds2 = (e2ν − ω2e2ψ)dt2 + 2ωe2ψdtdϕ− e2µRdR2 − e2µϑdϑ− e2ψdϕ2 (1)
where ν, ψ, µR and µϑ are in general functions of the spheroidal coordinates R and ϑ defined
through the relations [19]
x2 + y2
R2 + a2
+
z2
R2
= 1,
x2 + y2
a2 sin2 ϑ
− z
2
a2 cos2 ϑ
= 1,
where a is a real parameter. Furthermore, we consider the Einstein field equations
Gµν = −8πTµν , (2)
where the energy-momentum tensor Tµν describes an anisotropic perfect fluid with time-
like four velocity uµ, mass density ρ and pressures pR, pϑ. We shall derive the equations
governing any stationary, axial-symmetric solution of Einstein equations (2) in the presence
of an anisotropic perfect fluid, where the mass density ρ is assigned from the very beginning
in the spirit of [10–14, 17]. More precisely, Tµν reads (c = G = 1 units)
Tµν = (ρ+ pϑ)uµuν − pϑgµν + (pR − pϑ)ℓµℓν (3)
where ℓµ is a unit space-like vector orthogonal to the fluid four-velocity uµ, i.e.
ℓµℓµ = −1, ℓµuµ = 0.
Moreover, the fluid four-velocity has to satisfy the condition
gµνu
µuν = 1. (4)
At this point a couple of remarks are in order. First of all, notice that our choice of Tµν
contains as a special case the energy-momentum tensor given by equation (37) in [17], since
it reduces to (37) by taking pR = −ρ. However, in an axial-symmetric space-time there
is no a priori reason to believe that the fluid should satisfy an equation of state of the de
Sitter form as it is indeed the case for the spherically symmetric noncommutative geometry
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inspired Schwarzschild and Reissner-Nordstro¨m metrics. Furthermore, the choice of the fluid
velocities (equation (38) in [17]) does not satisfy condition (4) with gµν given by the Kerrr
line element (44) in [17]. In fact, a simple computation shows that
gµνu
µuν = (ut)2
(
gtt + 2ωgtϕ + ω
2gϕϕ
)
=
∆2
(R2 + a2)2
6= 1,
where
ut =
√
∆
Σ
, ω(R) =
a
R2 + a2
, Σ = R2 + a2 cos2 ϑ
and ∆ given by equation (45) in [17]. According to (4), the right choice of ut in [17] should
read
ut =
R2 + a2√
Σ∆
,
but even with this choice we could prove in appendix B that the so-called Kerrr metric does
not satisfy all Einstein field equations.
In the present case we specialize the energy-momentum tensor to a stationary matter dis-
tribution with cylindrical symmetry. Hence, there exist two Killing vector fields ∂t and ∂ϕ
and in general, there will be at least two non-vanishing velocity components ut and uϕ, so
that the four velocity uµ of the fluid can be written as [20]
uµ = ut(δµt + Ω δ
µ
ϕ), Ω =
uϕ
ut
.
Here, Ω denotes the angular velocity of the fluid and depends in general on the spheroidal
variables R and ϑ. Notice that the requirement uR = uϑ = 0 ensures that the fluid is
circulating within the (t, ϕ) − surface. Condition (4) permits to express the ut component
of the fluid velocity as
ut =
1√
gtt + 2Ωgtϕ + Ω2gϕϕ
= V −1, V = V (R, ϑ) =
√
e2ν − (ω − Ω)2e2ψ
whereas the non-vanishing covariant components of the four velocity are
ut = V
−1 [e2ν − ω(ω − Ω)e2ψ] , uϕ = V −1(ω − Ω)e2ψ.
Concerning the choice of the unit space-like vector ℓµ, we observe that it will be orthogonal
to the fluid four velocity if we take ℓt = ℓϕ = 0. Moreover, the condition that ℓµ be a unit
space-like vector requires that
e2µR(ℓR)2 + e2µϑ(ℓϑ)2 = 1.
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Notice that the above equation does not uniquely fix ℓµ and we can follow at least two
different approaches in determining the components of ℓµ. The first approach is standard
and gives rise to the choice
ℓµ = e−µR δµR, ℓ
ϑ = 0, (5)
whereas the second one is represented by the more sophisticated expression
ℓµ =
1√
2
(
e−µR δµR + e
−µϑ δµϑ
)
. (6)
In order to derive the full set of Einstein field equations corresponding to each of the possible
choices (5) and (6), it is convenient to start with the following equivalent form of (2), namely
Rµν = 8π
(
T
2
gµν − Tµν
)
, T = gµνTµν (7)
together with the conservation equation
T µν ;ν = 0. (8)
However, in the coordinate approach the components of the Ricci tensor assume a very
complicated form. For this reason, we shall follow the line of reasoning in [16, 18] and
introduce the tetrad-frame
e(t) = e
−ν∂t + ωe
−ν∂ϕ, e(ϕ) = e
−ψ∂ϕ, e(R) = e
−µR∂R, e(ϑ) = e
−µϑ∂ϑ.
In this setting the relevant Einstein field equations for our problem are
R(t)(t) = 8π
(
T
2
− T(t)(t)
)
, R(t)(ϕ) = −8πT(t)(ϕ), (9)
R(ϕ)(ϕ) = −8π
(
T
2
+ T(ϕ)(ϕ)
)
, G(R)(R) = −8πT(R)(R), (10)
R(R)(ϑ) = −8πT(R)(ϑ), G(ϑ)(ϑ) = −8πT(ϑ)(ϑ). (11)
Notice that the vanishing of the component T(R)(ϑ) of the energy-momentum tensor depends
on the particular choice of the unit space-like vector ℓµ, whereas the trace of T µν is for both
choices of ℓµ given by
T = gµνT
µν = ρ− pR − 2pϑ.
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III. EINSTEIN FIELD EQUATIONS WITH ℓt = ℓϕ = ℓϑ = 0
The non-vanishing contravariant components of the energy-momentum tensor in the co-
ordinate representation are
T tt = V −2
[
ρ+ (ω − Ω)2e2ψ−2νpϑ
]
,
T tϕ = V −2{ Ωρ− (ω − Ω) [1− ω(ω − Ω)e2ψ−2ν] pϑ} ,
T ϕϕ = V −2{ Ω2ρ+ [eν−ψ − ω(ω − Ω)eψ−ν]2 pϑ} , TRR = e−2µRpR, T ϑϑ = e−2µϑpϑ.
Taking into account that the contravariant components of the energy-momentum tensor in
the non-coordinate basis can be computed from the relation T (a)(b) = e(a)µe
(b)
νT
µν with e(a)µ
defined in VIIIC, we find
T (t)(t) = V −2
[
e2νρ+ (ω − Ω)2e2ψpϑ
]
, T (t)(ϕ) = −V −2(ω − Ω)eψ+ν (ρ+ pϑ),
T (ϕ)(ϕ) = V −2
[
(ω − Ω)2e2ψρ+ e2νpϑ
]
, T (R)(R) = pR, T
(ϑ)(ϑ) = pϑ,
whereas the covariant components are computed according to T(a)(b) = η(a)(c)η(b)(d)T
(c)(d).
Since η(a)(b) = diag(1,−1,−1,−1) (see VIIIC), we shall have T(a)(b) = T (a)(b), whenever the
tetrad indices a and b coincide. Moreover, if a 6= b, the only non zero component of the
energy-momentum tensor is that with a = t and b = ϕ and we get T(t)(ϕ) = −T (t)(ϕ). Finally,
by means of (61)-(66) the Einstein field equations (9)-(11) can be explicitly written as
e−2µR [ν,R,R + ν,R(ψ + ν − µR + µϑ),R] + e−2µϑ [ν,ϑ,ϑ + ν,ϑ(ψ + ν + µR − µϑ),ϑ]− 1
2
e2(ψ−ν)·
[
(ω,R)
2e−2µR + (ω,ϑ)
2e−2µϑ
]
= −4π
V 2
[
e2ν(ρ+ pR) + (ω − Ω)2e2ψ(ρ− pR) + 2e2νpϑ
]
, (12)
1
2
e−2ψ−µR−µϑ
[(
ω,Re
3ψ−ν−µR+µϑ
)
,R
+
(
ω,ϑe
3ψ−ν−µϑ+µR
)
,ϑ
]
= −8π
V 2
(ω − Ω)eψ+ν (ρ+ pϑ), (13)
e−2µR [ψ,R,R + ψ,R(ψ + ν − µR + µϑ),R] + e−2µϑ [ψ,ϑ,ϑ + ψ,ϑ(ψ + ν + µR − µϑ),ϑ]
+
1
2
e2(ψ−ν)
[
(ω,R)
2e−2µR + (ω,ϑ)
2e−2µϑ
]
= 4π
[
ρ− pR + 2(ω − Ω)
2e2ψ
V 2
(ρ+ pϑ)
]
, (14)
(ψ + ν),R,ϑ − (ψ + ν),RµR,ϑ − (ψ + ν),ϑµϑ,R + ψ,Rψ,ϑ + ν,Rν,ϑ = 1
2
ω,Rω,ϑe
2(ψ−ν), (15)
e−2µR
[
ν,R (ψ + µϑ),R + ψ,Rµϑ,R
]
+ e−2µϑ
[
(ψ + ν),ϑ,ϑ + (ψ + ν),ϑ(ν − µϑ),ϑ + ψ,ϑψ,ϑ
]
7
+
1
4
e2ψ−2ν
[
(ω,R)
2e−2µR − (ω,ϑ)2e−2µϑ
]
= −8πpR, (16)
e−2µR
[
(ψ + ν),R,R + (ψ + ν),R(ν − µR),R + ψ,Rψ,R
]
+ e−2µϑ
[
ν,ϑ (ψ + µR),ϑ + ψ,ϑµR,ϑ
]
− 1
4
e2ψ−2ν
[
(ω,R)
2e−2µR − (ω,ϑ)2e−2µϑ
]
= −8πpϑ. (17)
Notice that the system of six equations (12)-(17) is under-determined, since it involves the
eight unknowns ν, ψ, ω, µR, µϑ, pR, pϑ and Ω. The additional two equations needed to close
the system are provided by the conservation equation
T µν ;ν = T
µν
,ν + Γ
µ
νλT
λν + ΓννλT
µλ = 0.
For µ = R we obtain
pR,R + (ψ + ν + µϑ),RpR +
[
ν,Re
2ν − (ω − Ω)ω,Re2ψ − (ω − Ω)2ψ,Re2ψ
] ρ
V 2
+
[−(ψ + µϑ),Re2ν − (ω − Ω)ω,Re2ψ + (ω − Ω)2(ν + µϑ),Re2ψ] pϑ
V 2
= 0, (18)
whereas for µ = ϑ we have
pϑ,ϑ +
[
(ν + µR),ϑe
2ν − (ω − Ω)ω,ϑe2ψ − (ω − Ω)2(ψ + µR),ϑe2ψ
] pϑ
V 2
+
[
ν,ϑe
2ν − (ω − Ω)ω,ϑe2ψ − (ω − Ω)2ψ,ϑe2ψ
] ρ
V 2
− µR,ϑpR = 0. (19)
The set of eight equations (12)-(19) for the eight unknown functions ν, ψ, µR, µϑ, ω, Ω, pR,
and pϑ represents the full set of Einstein field equations assuming an anisotropic energy-
momentum tensor. If the energy density is inspired by Noncommutative Geometry in the
spirit of [10–14, 17] and an equation of state of the de Sitter form is assumed, namely
ρ = −pR, it is not difficult to verify that equation (18) becomes
− pϑ = ρ+ V
2
Φ
ρ,R, (20)
where
Φ = Φ(R, ϑ) = (ψ + µϑ),Re
2ν + (ω − Ω)ω,Re2ψ − (ω − Ω)2(ν + µϑ),Re2ψ.
Equation (20) generalizes formula (41) in [17] to any stationary, axial-symmetric geometry
generated by a perfect anisotropic fluid with ℓµ chosen as in the present section.
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IV. EINSTEIN FIELD EQUATIONS WITH ℓt = ℓϕ = 0
In the case of ℓµ specified by relation (6) attention has to be paid to the contravariant
component TRϑ of the energy-momentum tensor, since it does not vanish any longer and is
now given by
TRϑ =
1
2
(pR − pϑ)e−(µR+µϑ).
Moreover,
T ϑϑ =
1
2
(pR + pϑ)e
−2µϑ , TRR =
1
2
(pR + pϑ)e
−2µR ,
whereas the remaining non-vanishing components are the same as those given in the previous
section. The corresponding contravariant components in the non-coordinate basis read
T (R)(R) = T (ϑ)(ϑ) =
1
2
(pR + pϑ), T
(R)(ϑ) =
1
2
(pR − pϑ).
Einstein field equations (12)-(14) remain the same, whereas (15)-(17)become now
(ψ + ν),R,ϑ − (ψ + ν),RµR,ϑ − (ψ + ν),ϑµϑ,R
+ ψ,Rψ,ϑ + ν,Rν,ϑ − 1
2
ω,Rω,ϑe
2(ψ−ν) = 4π(pR − pϑ)e−(µR+µϑ), (21)
e−2µR
[
ν,R (ψ + µϑ),R + ψ,Rµϑ,R
]
+ e−2µϑ
[
(ψ + ν),ϑ,ϑ + (ψ + ν),ϑ(ν − µϑ),ϑ + ψ,ϑψ,ϑ
]
+
1
4
e2ψ−2ν
[
(ω,R)
2e−2µR − (ω,ϑ)2e−2µϑ
]
= −4π(pR + pϑ), (22)
e−2µR
[
(ψ + ν),R,R + (ψ + ν),R(ν − µR),R + ψ,Rψ,R
]
+ e−2µϑ
[
ν,ϑ (ψ + µR),ϑ + ψ,ϑµR,ϑ
]
− 1
4
e2ψ−2ν
[
(ω,R)
2e−2µR − (ω,ϑ)2e−2µϑ
]
= −4π(pR + pϑ). (23)
In this case the hydrodynamic equations are
(pR + pϑ),R + (ψ + ν),R(pR + pϑ) + 2
[
ν,Re
2ν − (ω − Ω)ω,Re2ψ − (ω − Ω)2ψ,Re2ψ
] ρ
V 2
+2
[−(ψ + µϑ),Re2ν − (ω − Ω)ω,Re2ψ + (ω − Ω)2(ν + µϑ),Re2ψ] pϑ
V 2
+ [(ν + 2µR + ψ),ϑ(pR − pϑ) + (pR − pϑ),ϑ] eµR−µϑ = 0, (24)
whereas for µ = ϑ we have
(pR + pϑ),ϑ + (ψ + ν),ϑ(pR + pϑ) + 2
[
ν,ϑe
2ν − (ω − Ω)ω,ϑe2ψ − (ω − Ω)2ψ,ϑe2ψ
] ρ
V 2
+2
[−ψ,ϑe2ν − (ω − Ω)ω,ϑe2ψ + (ω − Ω)2ν,ϑe2ψ] pϑ
V 2
+ [(ν + 2µϑ + ψ),R(pR − pϑ) + (pR − pϑ),R] e−µR+µϑ = 0. (25)
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V. EINSTEIN FIELD EQUATIONS FOR KERR-LIKE METRICS
Let us suppose that the metric (1) admits an event horizon, i.e. a smooth two-dimensional
null surface spanned by the Killing vectors ∂t and ∂ϕ. Suppose further that the equation of
this horizon be H(R, ϑ) = 0. Such a surface will be null if
gµνH,µH,ν = 0,
that is
e2(µϑ−µR)(H,R)
2 + (H,ϑ)
2 = 0. (26)
Furthermore, the gauge freedom allows to suppose that
e2(µϑ−µR) = ∆(R) (27)
and (26) implies that the equation of the event horizon is simply ∆(R) = 0. Moreover, the
condition that the surface describing the event horizon be spanned by the Killing vectors ∂t
and ∂ϕ requires that the determinant of the metric of the subspace (t, ϕ) vanish on ∆(R) = 0,
i.e. e2(ψ+ν) = 0 on ∆(R) = 0. Without loss of generality we can suppose that
eβ = eψ+ν =
√
∆F (R, θ), (28)
where F is some function of R and ϑ that we demand to be regular on ∆(R) = 0 and on the
axis ϑ = 0. In virtue of the previous considerations we can establish the following lemma:
Lemma 1 Under the condition that there exists at least one horizon the metric (1) can be
rewritten as
ds2 = eβ
(
χ− ω
2
χ
)
dt2 + 2
ωeβ
χ
dtdϕ− e
2µϑ
∆
dR2 − e2µϑ dϑ2 − e
β
χ
dϕ2 (29)
with χ = e−ψ+ν .
Let us introduce the vierbein
e(t) = eβ/2
√
χ dt, eϕ =
eβ/2√
χ
(dϕ− ωdt), e(R) = e
µϑ
√
∆
, eϑ = eµϑ .
We consider the energy-momentum tensor given as in (3). In the present case, the non-
vanishing contravariant components of the fluid velocity are
ut = e−β/2
√
χ
χ2 − (ω − Ω)2 , u
ϕ = Ωut.
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with Ω depending in general on R and ϑ, whereas the unit space-like vector ℓµ can be chosen
to be
ℓµ =
√
∆e−µϑδµR.
Finally, the covariant components of the energy-momentum tensor in the non-coordinate
basis introduced above are
T(t)(t) =
χ2ρ+ (ω − Ω)2pϑ
χ2 − (ω − Ω)2 , T(t)(ϕ) =
(ω − Ω)χ
χ2 − (ω − Ω)2 (ρ+ pϑ),
T(ϕ)(ϕ) =
(ω − Ω)2ρ+ χ2pϑ
χ2 − (ω − Ω)2 , T(R)(R) = pR, T
(ϑ)(ϑ) = pϑ.
Following [18], it results convenient to consider Einstein field equations as taken below
R(t)(t) −R(ϕ)(ϕ) = 8π(T − T(t)(t) + T(ϕ)(ϕ)), (30)
R(t)(t) +R(ϕ)(ϕ) = −8π(T(t)(t) + T(ϕ)(ϕ)), (31)
R(t)(ϕ) = −8πT(t)(ϕ), (32)
R(R)(ϑ) = 0, (33)
G(R)(R) −G(ϑ)(ϑ) = −8π(T(R)(R) − T(ϑ)(ϑ)). (34)
G(R)(R) +G(ϑ)(ϑ) = −8π(T(R)(R) + T(ϑ)(ϑ)), (35)
The reason for this is twofold. First, it permits to express Einstein field equations in a
compact form in terms of the unknown functions appearing in the metric (29). Second,
when we rewrite the above equations in terms of the unknown functions β, ∆, χ, ω and µϑ,
it results that equation (35) coincides with equation (30) showing that not all Einstein field
equations (30)-(35) are independent. For our present purposes it is sufficient to consider
equations (30)-(34), which now read
(√
∆(
√
∆F ),R
)
,R
+ F,ϑ,ϑ = −8πFe2µϑ(pR + pϑ), (36)
(∆F (lnχ),R),R + (F (lnχ),ϑ),ϑ − F
χ2
[
∆(ω,R)
2 + (ω,ϑ)
2
]
= −8πfFe2µϑ(ρ+ pϑ), (37)(
∆F
χ2
ω,R
)
,R
+
(
F
χ2
ω,ϑ
)
,ϑ
= −16πgFe2µϑ(ρ+ pϑ), (38)
(lnF ),R,ϑ −
[
(ln (
√
∆F )),Rµϑ,ϑ + (lnF ),ϑµϑ,R
]
+
1
2
(ln (
√
∆F )),R(lnF ),ϑ
11
+
χ,Rχ,ϑ − ω,Rω,ϑ
2χ2
= 0, (39)
(√
∆(
√
∆F ),R
)
,R
− F,ϑ,ϑ + 2F
[
(lnF ),ϑ
(
1
4
(lnF ),ϑ + µϑ,ϑ
)
− 1
4
((lnχ),ϑ)
2
]
−2∆F
[
(ln (
√
∆F )),R
(
1
4
(ln (
√
∆F )),R + µϑ,R
)
− 1
4
((lnχ),R)
2
]
− F
2χ2
[
∆(ω,R)
2 − (ω,ϑ)2
]
= 8πFe2µϑ(pR − pϑ) (40)
with
f(χ, ω,Ω) =
χ2 + (ω − Ω)2
χ2 − (ω − Ω)2 , g(χ, ω,Ω) =
ω − Ω
χ2 − (ω − Ω)2 ,
whereas the conservation equation for the energy-momentum tensor gives rise to the follow-
ing equations
pR,R + (β + µϑ),R pR +
f+ρ+ f−pϑ
2χ[χ2 − (ω − Ω)2] = 0, (41)
pϑ,ϑ − µϑ,ϑpR + g+ρ+ g−pϑ
2χ[χ2 − (ω − Ω)2] = 0, (42)
where β = ln (
√
∆F ) and
f+ = f+(R, ϑ) = χ
2(χβ,R + χ,R)− 2(ω − Ω)χω,R − (ω − Ω)2(χβ,R − χ,R),
f− = f−(R, ϑ) = −χ2(χβ,R − χ,R + 2µϑ,Rχ)− 2(ω − Ω)χω,R
+(ω − Ω)2(χβ,R + χ,R + 2µϑ,Rχ),
g+ = g+(R, ϑ) = χ
2(χβ,ϑ + χ,ϑ)− 2(ω − Ω)χω,ϑ − (ω − Ω)2(χβ,ϑ − χ,ϑ),
g− = g−(R, ϑ) = χ
2(χβ,ϑ + χ,ϑ + 2µϑ,ϑχ)− 2(ω − Ω)χω,ϑ
−(ω − Ω)2(χβ,ϑ − χ,ϑ + 2µϑ,ϑχ).
A this point a couple of remarks are in order. First of all, as expected equation (36) reduces to
equation (43) at page 279 in [18] whenever F depends only on the angular variable ϑ. In this
case one recovers the well known result for the Kerr metric given by ∆(R) = R2−2MR+a2.
Furthermore, the system of five equations (36)-(40) contains 8 unknowns, namely five metric
functions and the mass density, the radial pressure and the tangential pressure, which until
now we left unspecified. To circumvent this problem we recall that we are interested in
Noncommutative Geometry inspired Kerr-like solutions and hence, the mass density ρ is an
assigned function and an equation of state of the de Sitter form, namely pR = −ρ will be
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assumed following the line of reasoning in [10–14, 17]. Finally, the pressures pϑ and pϕ can
be computed by invoking the conservation equation for the energy-momentum tensor. In
this setting (41) reduces as expected to the equation
− pϑ = ρ+ Uρ,R, (43)
where
U = U(R, ϑ) = −2χ
f−
[χ2 − (ω − Ω)2].
Finally, the next theorem shows that the metric (44) given in [17] can never satisfy Einstein
Field equations (36)-(40).
Theorem 1 Under the condition that there exists at least one horizon the Einstein field
equations (36)-(40) with energy-momentum tensor given by
T µν = (ρ+ pϑ)(u
µuν − ℓµℓν)− pϑδµν , ℓµ = e−µϑ
√
∆ δµR, ℓ
ϑ = 0
with
ρ(R, θ) =
R4
Σ2
ρG(R), Σ = R
2 + a2 cos2 ϑ, ρG(R) =
M
(4πℓ0)3/2
e−R
2/4ℓ2
0 (44)
do not admit any solution of the form
ds2 =
(
1− 2RM(R)
Σ
)
dt2 +
4aRM(R)
Σ
sin2 ϑdtdϕ− Σ
∆
dR2 − Σdϑ2
− sin
2 ϑ
Σ
[
(R2 + a2)2 − a2 sin2 ϑ∆] dϕ2, (45)
where
∆ = R2 − 2RM(R) + a2, M(R) = 4π
∫ R
0
dx x2ρG(x). (46)
Proof. It sufficient to show that the Einstein field equation (36) will never be satisfied by
the metric (45). First of all, comparing the metrics (29) and (45) we find that our function
F has to depend only on the angular variable ϑ and more precisely, F (ϑ) = sinϑ. Notice
that the same choice occurs in the derivation of the classic Kerr metric [18]. Moreover, the
function ∆ can be identified with ∆ = R2 − 2RM(R) + a2 and e2µϑ = Σ. If we consider an
equation of state of the form pR = −ρ as in [17], equation (36) simplifies as follows
d2∆
dR2
− 2 = 16πΣ(ρ− pϑ). (47)
13
Taking into account equation (41) in [17] or equivalently our (43), the r.h.s. of (47) can be
written in terms of ρ and its derivative with respect to the space-like variable R. Thus, we
find the equation
d2∆
dR2
= 2 + 8
(
4πR2ρG + πR
3dρG
dR
)
, (48)
whose solution is
∆(R) = R2 + C1R + C2 +
M
2
√
2ℓ0R
[
ℓ0 erf
(
R
2ℓ0
)
− R√
π
e−R
2/4ℓ0
]
.
But ∆(R) was already given by (46) whose integration does not agree with the above ex-
pression. Therefore, we have a contradiction. 
We can sharpen the above statement by noticing that alone from (46) we obtain
d2∆
dR2
= 2− 8
(
4πR2ρG + πR
3dρG
dR
)
,
which is not the same as (48). Hence, we can assert
Corollary 1 The statement of Theorem 1 is independent of the choice of the density ρ.
Notice that the Theorem 1 has been proved by assuming the existence of a horizon. How-
ever, this is not necessary. Indeed, with the correct choice of the four-velocities, i.e,
uµ = R
2+a2√
Σ∆
(
δµt + Ωδ
µ
ϕ
)
,Ω = a
R2+a2
we can prove the following:
Theorem 2 The Einstein field equations
Gµν = −8πTµν
with energy-momentum tensor given by
T µν = (ρ+ pϑ)(u
µuν − ℓµℓν)− pϑδµν (49)
and
uµ =
R2 + a2√
Σ∆
(
δµt + Ωδ
µ
ϕ
)
,
uϕ
ut
= Ω =
a
R2 + a2
, ℓµ = −
√
∆
Σ
δµR (50)
do not admit any solution of the form
ds2 =
(
1− 2RM(R)
Σ
)
dt2 +
4aRM(R)
Σ
sin2 ϑdtdϕ− Σ
∆
dR2 − Σdϑ2
− sin
2 ϑ
Σ
[
(R2 + a2)2 − a2 sin2 ϑ∆] dϕ2 (51)
with
Σ = R2 + a2 cos2 ϑ, ∆ = R2 − 2RM(R) + a2.
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Proof. We begin by studying the conservation equation T µν ;ν = 0. For µ = R we obtain
∂RT
RR + ΓRttT
tt + 2ΓRtϕT
tϕ + ΓRϕϕT
ϕϕ + (ΓttR + Γ
ϕ
ϕR + 2Γ
R
RR + Γ
ϑ
ϑR)T
RR + ΓRϑϑT
ϑϑ = 0. (52)
Taking into account that
TRR = −∆
Σ
ρ, T tt =
(R2 + a2)2
Σ∆
ρ+
a2 sin2 ϑ
Σ
pϑ, T
tϕ =
a(R2 + a2)
Σ∆
ρ+
a
Σ
pϑ
T ϕϕ =
a2
Σ∆
ρ+
1
Σ sin2 ϑ
pϑ, T
ϑϑ =
pϑ
Σ
and
ΓRtt = −
∆
Σ3
[
RΣ
dM
dR
− (R2 − a2 cos2 ϑ)M(R)
]
, ΓRtϕ = −a sin2 ϑ ΓRtt,
ΓRϕϕ =
sin2 ϑ
Σ
(a2Σ sin2 ϑ ΓRtt − R∆), ΓttR =
(R2 + a2)Σ
∆2
ΓRtt,
ΓϕϕR = −
1
Σ2∆
[
−Ra2Σ sin2 ϑdM
dR
+ a2(R2 − a2 cos2 ϑ)M(R)
+a2Σcos2 ϑM(R) − a2R cos2 ϑ(2R2 + a2 cos2 ϑ)−R4(R− 2M(R))] ,
ΓRRR =
1
Σ∆
(
a2R sin2 ϑ− Σ
3
∆
ΓRtt
)
, ΓϑϑR =
R
Σ
, ΓRϑϑ = −
R∆
Σ
,
ΓttR + Γ
ϕ
ϕR + 2Γ
R
RR + Γ
ϑ
ϑR =
1
Σ∆
[
−Σ
3
∆
ΓRtt + 2R
2(R− 2M(R)) + a2R(3− cos2 ϑ)
]
,
after a tedious manipulation equation (52) becomes
A(R, ϑ) pϑ = B(R, ϑ) ρ+
∆
Σ
∂Rρ
with
A(R, ϑ) =
1
Σ
(
a2 sin2 ϑ ΓRtt + 2a Γ
R
tϕ +
ΓRϕϕ
sin2 ϑ
+ ΓRϑϑ
)
= −2R∆
Σ2
and
B(R, ϑ) = ∂R
(
∆
Σ
)
− (R
2 + a2)2
Σ∆
ΓRtt −
2a(R2 + a2)
Σ∆
ΓRtϕ −
a2
Σ∆
ΓRϕϕ
+
∆
Σ
(ΓttR + Γ
ϕ
ϕR + 2Γ
R
RR + Γ
ϑ
ϑR) =
2R∆
Σ2
.
Finally, equation (52) reduces to
− pθ = ρ+ Σ
2R
∂Rρ (53)
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which coincides with equation (41) in [17]. For the case µ = ϑ the conservation equation for
the energy-momentum tensor gives rise to the following equation
∂ϑT
ϑϑ + ΓϑttT
tt + 2ΓϑtϕT
tϕ + ΓϑϕϕT
ϕϕ + (Γttϑ + Γ
R
Rϑ + 2Γ
ϑ
ϑϑ + Γ
ϕ
ϑϕ)T
ϑϑ + ΓϑRRT
RR = 0, (54)
where the Christoffel symbols are given by
Γϑtϕ =
2aR
Σ3
(R2 + a2)M(R) sin ϑ cosϑ, Γϑtt = −
a
R2 + a2
Γϑtϕ,
Γϑϕϕ = −
sinϑ cos ϑ
Σ3
[
Σ2∆+ 2R(R2 + a2)2M(R)
]
, ΓϑRR =
a2 sinϑ cos ϑ
Σ∆
,
Γttϑ = −
aΣ
R2 + a2
Γϑtϕ, Γ
R
Rϑ = Γ
ϑ
ϑϑ = −ΓϑRR, Γϕϕϑ =
cotϑ
Σ
(
Σ2 + 2a2RM(R) sin2 ϑ
)
Γttϑ + Γ
R
Rϑ + 2Γ
ϑ
ϑϑ + Γ
ϕ
ϑϕ =
cotϑ
Σ
(
R2 + 4a2 cos2 ϑ− 3a2) .
After a long computation equation (54) can be written in the more amenable form
∂ϑpϑ − 2a
2
Σ
sinϑ cos ϑ(ρ+ pϑ) = 0. (55)
Notice that in the limit a → 0 the above equation reduces to ∂ϑpϑ as it is expected for
the noncommutative inspired Schwarzschild metric. Employing (53) the above equation
becomes a partial differential equation for the function ρ(R, ϑ), namely
∂ϑρ− a
2
R
sinϑ cosϑ ∂Rρ+
1
2R
∂ϑ(Σ ∂Rρ) = 0. (56)
The above equation can be solved by the method of separation of variables. To this purpose,
let ρ(R, ϑ) = F1(R)F2(ϑ). Then, we obtain
F˙1 =
1
RF1
(
2RF˙ 21 + F1F˙1
)
(57)
and
dF2
dϑ
=
2a2 sinϑ cosϑ F˙1
2RF1 + ΣF˙1
F2, (58)
where the dot denotes differentiation with respect to the variable R. The solution of the
first order non linear equation (57) is given by
F1(R) = − 2
C1R2 + C2
. (59)
Substituting (59) into (58) we get
dF2
dϑ
=
2C1a
2 sinϑ cos ϑ
a2C1 cos2 ϑ− 2C2 F2,
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whose solution is
F2(ϑ) = − 2C3
a2C1 cos 2ϑ+ a2C1 − 4C2 . (60)
On the other side, taking into account that TRR = −(Σ/∆) ρ and making use of (72) the
Einstein field equation GRR = −8πTRR simplifies to
dM
dR
= 4π
Σ2
R2
ρ
with ρ(R, ϑ) = F1(R)F2(ϑ) where the functions F1(R) and F2(ϑ) are given by (59) and (60).
Since the mass function depends only on the spatial variable R, whereas the r.h.s. of the
above equation manifests an additional dependence on the angular variable ϑ which cannot
be removed. We have a contradiction and the proof is completed. 
VI. CONCLUSIONS
The present work is in the spirit of [10–14, 17] and deals with the problem of deriving
the full set of Einstein field equations assuming an anisotropic energy-momentum tensor,
where the energy density is inspired by Noncommutative Geometry and is meant to replace
the ring singularity. These equations are written down in an explicit form in (12)-(19) and
(36)-(42) if we demand the existence of at least one horizon.. Any candidate solution of
the Kerr metric inspired by Noncommutative Geometry has to satisfy these equations. A
suggestion for such a solution was made in ([17]) where the metric is written in the Kerr-
Schild form in terms of a null vector kµ. This vector is chosen explicitly on the basis of
symmetry arguments such that only one function remains unknown. For this function a
differential equation is derived out of the Einstein equations. It is, however, a priori not
clear if all Einstein equations are identically satisfied. We did this check and showed in
theorem 1, theorem 2 and appendix B that the so-called Kerrr solution can never satisfy the
Einstein field equations. In this sense, our results can be seen as complementary to ([17]).
We hope that in the future using our set of equations we will be able to examine closer the
smeared ring singularity of the Kerr solution inspired by Noncommutative Geometry.
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VII. APPENDIX
VIII. LIST OF THE RELEVANT CHRISTOFFEL SYMBOLS AND TENSOR
COMPONENTS
A. Christoffel symbols
For the metric (1) the non vanishing Christoffel symbols are
Γtti = ν,i − 1
2
ωω,ie
2(ψ−ν), Γtϕi =
1
2
ω,ie
2(ψ−ν),
Γϕti = ων,i − 1
2
ω,i − ωψ,i − 1
2
ω2ω,ie
2(ψ−ν), Γϕϕi = ψ,i +
1
2
ωω,ie
2(ψ−ν),
ΓRtt = ν,Re
2(ν−µR) − (ωω,R + ω2ψ,R)e2(ψ−µR), ΓRtϕ =
(
1
2
ω,R + ωψ,R
)
e2(ψ−µR),
ΓRϕϕ = −ψ,Re2(ψ−µR), ΓRRR = µR,R, ΓRRϑ = µR,ϑ, ΓRϑϑ = −µϑ,Re2(µϑ−µR),
Γϑtt = ν,ϑe
2(ν−µϑ) − (ωω,ϑ + ω2ψ,ϑ)e2(ψ−µϑ), Γϑtϕ =
(
1
2
ω,ϑ + ωψ,ϑ
)
e2(ψ−µϑ),
Γϑϕϕ = −ψ,ϑe2(ψ−µϑ), ΓϑRR = −µR,ϑe2(µR−µϑ), ΓϑRϑ = µϑ,R, Γϑϑϑ = µϑ,ϑ,
where i = R, ϑ.
B. Covariant Riemann tensor components
The non-vanishing components of the covariant Riemann tensor have been computed
according to the formula
Rρλµν =
1
2
(gλµ,ρν − gρµ,λν − gλν,ρµ + gρν,λµ) + gξη
(
ΓξρνΓ
η
λµ − ΓξρµΓηλν
)
.
For the metric (1) the relevant components of the covariant curvature tensor are
Rϕtϕt = e
2(ψ+ν)
[
−e−2µRν,Rψ,R − e−2µϑν,ϑψ,ϑ − 1
4
e2(ψ−ν)
[
e−2µR(ω,R)
2 + e−2µϑ(ω,ϑ)
2
]]
,
RRtRt = e
2(ν+µR)
[
−e−µR−ν (eν−µRν,R),R − ν,ϑµR,ϑe−2µϑ + 34(ω,R)2e2ψ−2µR−2ν
]
+
[
ωω,R,R + 3ωω,Rψ,R + ω
2ψ,R,R + (ωψ,R)
2 − ωω,Rν,R − ωω,RµR,R − ω2ψ,RµR,R
]
e2ψ
+
[
µR,ϑωω,ϑ + µR,ϑω
2ψ,ϑ
]
e2ψ−2µϑ+2µR +
1
4
(ωω,R)
2e4ψ−2ν ,
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RRtRϕ =
[
−1
2
ω,R,R − 3
2
ω,Rψ,R − ωψ,R,R − ωψ2,R +
1
2
ω,Rν,R +
1
2
ω,RµR,R + ωψ,RµR,R
]
e2ψ
−1
4
ωω2,Re
4ψ−2ν − µR,ϑe2ψ−2µϑ+2µR
[
1
2
ω,ϑ + ωψ,ϑ
]
= RRϕRt,
RRϕRϕ =
[
ψ,R,R + ψ
2
,R − µR,Rψ,R
]
e2ψ +
1
4
ω2,Re
4ψ−2ν + µR,ϑψ,ϑe
2ψ+2µR−2µϑ ,
Rϑtϑt = e
2(ν+µϑ)
[
−e−µϑ−ν (eν−µϑν,ϑ),ϑ − ν,Rµϑ,Re−2µR + 34(ω,ϑ)2e2ψ−2µϑ−2ν
]
+
[
ωω,ϑ,ϑ + 3ωω,ϑψ,ϑ + ω
2ψ,ϑ,ϑ + (ωψ,ϑ)
2 − ωω,ϑν,ϑ − ωω,ϑµϑ,ϑ − ω2ψ,ϑµϑ,ϑ
]
e2ψ
+
[
µϑ,Rωω,R + µϑ,Rω
2ψ,R
]
e2ψ−2µR+2µϑ +
1
4
(ωω,ϑ)
2e4ψ−2ν ,
Rϑtϑϕ =
[
−1
2
ω,ϑ,ϑ − 3
2
ω,ϑψ,ϑ − ωψ,ϑ,ϑ − ωψ2,ϑ +
1
2
ω,ϑν,ϑ +
1
2
ω,ϑµϑ,ϑ + ωψ,ϑµϑ,ϑ
]
e2ψ
−1
4
ωω2,ϑe
4ψ−2ν − µϑ,Re2ψ−2µR+2µϑ
[
1
2
ω,R + ωψ,R
]
= Rϑtϑϕ,
Rϑϕϑϕ =
[
ψ,ϑ,ϑ + ψ
2
,ϑ − µϑ,ϑψ,ϑ
]
e2ψ +
1
4
ω2,ϑe
4ψ−2ν + µϑ,Rψ,Re
2ψ+2µϑ−2µR ,
RtRtϑ = e
2ν+µR+µϑ
[
−e−µϑ−ν (eν−µRν,R),ϑ + ν,ϑµϑ,Re−µR−µϑ + 34ω,Rω,ϑe2ψ−2ν−µR−µϑ
]
+
[
ωω,R,ϑ +
3
2
ωω,Rψ,ϑ +
3
2
ωω,ϑψ,R + ω
2ψ,R,ϑ + ω
2ψ,Rψ,ϑ − 1
2
ωω,Rν,ϑ − 1
2
ωω,ϑν,R
−µR,ϑ(ωω,R + ω2ψ,R)− µϑ,R(ωω,ϑ + ω2ψ,ϑ)
]
e2ψ +
1
4
ω2ω,Rω,ϑe
4ψ−2ν ,
RtRϕϑ =
[
−1
2
ω,R,ϑ − ω,Rψ,ϑ − 1
2
ω,ϑψ,R − ωψ,R,ϑ − ωψ,Rψ,ϑ + 1
2
ω,Rν,ϑ
+µR,ϑ
(
1
2
ω,R + ωψ,R
)
+ µϑ,R
(
1
2
ω,ϑ + ωψ,ϑ
)]
e2ψ − 1
4
ωω,Rω,ϑe
4ψ−2ν ,
RϕRtϑ =
[
−1
2
ω,R,ϑ − 1
2
ω,Rψ,ϑ − ω,ϑψ,R − ωψ,R,ϑ − ωψ,Rψ,ϑ + 1
2
ω,ϑν,R
+µR,ϑ
(
1
2
ω,R + ωψ,R
)
+ µϑ,R
(
1
2
ω,ϑ + ωψ,ϑ
)]
e2ψ − 1
4
ωω,Rω,ϑe
4ψ−2ν ,
RϕRϕϑ =
[
e−ψ−µϑ
(
eψ−µRψ,R
)
,ϑ
− ψ,ϑµϑ,Re−µR−µϑ + 1
4
ω,Rω,ϑe
2ψ−2ν−µR−µϑ
]
e2ψ+µR+µϑ ,
RϑRϑR =
[
e−µR−µϑ
(
eµR−µϑµR,ϑ
)
,ϑ
+ e−µR−µϑ
(
eµϑ−µRµϑ,R
)
,R
]
e2µR+2µϑ .
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C. Covariant Riemann tensor components in a non coordinate basis
Starting with the metric (1) we can take the basis one-forms [16, 18]
e(t) = eνdt, e(ϕ) = −ωeψdt+ eψdϕ, e(R) = eµRdR, e(ϑ) = eµϑdϑ,
where we enclosed tetrad indices in a parenthesis in order to distinguish them from tensor
indices. The vierbein associated to the above choice of the basis one-forms is
e(t) = e
−ν∂t + ωe
−ν∂ϕ, e(ϕ) = e
−ψ∂ϕ, e(2) = e
−µ2∂2, e(3) = e
−µ3∂3.
Moreover, the chosen tetrad satisfies the relation
e(a)
µe(b)
νgµν = η(a)(b), η(a)(b) = diag(1,−1,−1,−1).
The tetrad components of the covariant Riemann tensor are given by
R(a)(b)(c)(d) = Rµνρλe(a)
µe(b)
νe(c)
ρe(d)
λ.
The non-vanishing components of the covariant Riemann tensor are
R(ϕ)(t)(ϕ)(t) =
[
e(t)
te(ϕ)
ϕ
]2
Rϕtϕt
= −e−2µRν,Rψ,R − e−2µϑν,ϑψ,ϑ − 1
4
e2(ψ−ν)
[
e−2µR(ω,R)
2 + e−2µϑ(ω,ϑ)
2
]
,
R(R)(t)(R)(t) =
[
e(t)
te(R)
R
]2
RRtRt + 2
[
e(R)
R
]2
e(t)
te(t)
ϕRRtRϕ +
[
e(t)
ϕe(R)
R
]2
RRϕRϕ
= −e−µR−ν (eν−µRν,R),R − ν,ϑµR,ϑe−2µϑ + 34(ω,R)2e2ψ−2µR−2ν ,
R(ϑ)(t)(ϑ)(t) =
[
e(t)
te(ϑ)
ϑ
]2
Rϑtϑt + 2
[
e(ϑ)
ϑ
]2
e(t)
te(t)
ϕRϑtϑϕ +
[
e(t)
ϕe(ϑ)
ϑ
]2
Rϑϕϑϕ
= −e−µϑ−ν (eν−µϑν,ϑ),ϑ − ν,Rµϑ,Re−2µR + 34(ω,ϑ)2e2ψ−2µϑ−2ν ,
R(R)(t)(R)(ϕ) =
[
e(R)
R
]2
e(t)
te(ϕ)
ϕRRtRϕ +
[
e(R)
R
]2
e(t)
ϕe(ϕ)
ϕRRϕRϕ
= −ω,R
(
ψ,R − 1
2
ν,R
)
eψ−ν−2µR − 1
2
e−µR−ν
(
eψ−µRω,R
)
,R
− 1
2
ω,ϑµR,ϑe
ψ−ν−2µϑ ,
R(ϑ)(t)(ϑ)(ϕ) =
[
e(ϑ)
ϑ
]2
e(t)
te(ϕ)
ϕRϑtϑϕ +
[
e(ϑ)
ϑ
]2
e(t)
ϕe(ϕ)
ϕRϑϕϑϕ
= −ω,ϑ
(
ψ,ϑ − 1
2
ν,ϑ
)
eψ−ν−2µϑ − 1
2
e−µϑ−ν
(
eψ−µϑω,ϑ
)
,ϑ
− 1
2
ω,Rµϑ,Re
ψ−ν−2µR ,
R(R)(ϕ)(R)(ϕ) =
[
e(R)
Re(ϕ)
ϕ
]2
RRϕRϕ
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= e−ψ−µR
(
eψ−µRψ,R
)
,R
+ µR,ϑψ,ϑe
−2µϑ +
1
4
ω2,Re
2ψ−2µR−2ν ,
R(ϑ)(ϕ)(ϑ)(ϕ) =
[
e(ϑ)
ϑe(ϕ)
ϕ
]2
Rϑϕϑϕ
= e−ψ−µϑ
(
eψ−µϑψ,ϑ
)
,ϑ
+ µϑ,Rψ,Re
−2µR +
1
4
ω2,ϑe
2ψ−2µϑ−2ν ,
R(t)(R)(t)(ϑ) =
[
e(t)
t
]2
e(R)
Re(ϑ)
ϑRtRtϑ + (RtRϕϑ +RϕRtϑ)e(t)
te(t)
ϕe(R)
Re(ϑ)
ϑ
+
[
e(t)
ϕ
]2
e(R)
Re(ϑ)
ϑRϕRϕϑ
= −e−ν−µϑ (eν−µRν,R),ϑ + ν,ϑµϑ,Re−µR−µϑ + 34ω,Rω,ϑe2ψ−2ν−µR−µϑ ,
R(ϕ)(R)(ϕ)(ϑ) =
[
e(ϕ)
ϕ
]2
e(R)
Re(ϑ)
ϑRϕRϕϑ
= e−ψ−µϑ
(
eψ−µRψ,R
)
,ϑ
− ψ,ϑµϑ,Re−µR−µϑ + 1
4
ω,Rω,ϑe
2ψ−2ν−µR−µϑ ,
R(ϑ)(R)(ϑ)(R) =
[
e(R)
Re(ϑ)
ϑ
]2
RϑRϑR = e
−µR−µϑ
[(
eµR−µϑµR,ϑ
)
,ϑ
+
(
eµϑ−µRµϑ,R
)
,R
]
.
D. Ricci tensor components
The tetrad components of the Ricci tensor have been computed according to the formula
R(a)(b) = η
(c)(d)R(c)(a)(d)(b).
The non-vanishing components are
R(t)(t) = −R(ϕ)(t)(ϕ)(t) − R(R)(t)(R)(t) −R(ϑ)(t)(ϑ)(t)
= e−2µR [ν,R,R + ν,R(ψ + ν − µR + µϑ),R] + e−2µϑ [ν,ϑ,ϑ + ν,ϑ(ψ + ν + µR − µϑ),ϑ]
− 1
2
e2(ψ−ν)
[
(ω,R)
2e−2µR + (ω,ϑ)
2e−2µϑ
]
, (61)
R(t)(ϕ) = −R(R)(t)(R)(ϕ) −R(ϑ)(t)(ϑ)(ϕ)
=
1
2
e−2ψ−µR−µϑ
[(
ω,Re
3ψ−ν−µR+µϑ
)
,R
+
(
ω,ϑe
3ψ−ν−µϑ+µR
)
,ϑ
]
, (62)
R(ϕ)(ϕ) = R(ϕ)(t)(ϕ)(t) −R(R)(ϕ)(R)(ϕ) −R(ϑ)(ϕ)(ϑ)(ϕ)
= −e−2µR [ψ,R,R + ψ,R(ψ + ν − µR + µϑ),R]− e−2µϑ [ψ,ϑ,ϑ + ψ,ϑ(ψ + ν + µR − µϑ),ϑ]
− 1
2
e2(ψ−ν)
[
(ω,R)
2e−2µR + (ω,ϑ)
2e−2µϑ
]
, (63)
R(R)(ϑ) = R(t)(R)(t)(ϑ) −R(ϕ)(R)(ϕ)(ϑ) = −e−µR−µϑ ·[
(ψ + ν),R,ϑ − (ψ + ν),RµR,ϑ − (ψ + ν),ϑµϑ,R + ψ,Rψ,ϑ + ν,Rν,ϑ − 1
2
ω,Rω,ϑe
2(ψ−ν)
]
, (64)
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R(R)(R) = −R(t)(R)(t)(R) − R(ϕ)(R)(ϕ)(R) − R(ϑ)(R)(ϑ)(R)
= −e−µR−ν (eν−µRν,R),R − e−µR−ψ (eψ−µRψ,R),R − e−2µϑ(ψ + ν),ϑµR,ϑ
−e−µR−µϑ
[(
eµR−µϑµR,ϑ
)
,ϑ
+
(
eµϑ−µRµϑ,R
)
,R
]
+
1
2
(ω,R)
2 e2ψ−2µR−2ν ,
R(ϑ)(ϑ) = −R(t)(ϑ)(t)(ϑ) − R(ϕ)(ϑ)(ϕ)(ϑ) − R(R)(ϑ)(R)(ϑ)
= −e−µϑ−ν (eν−µϑν,ϑ),ϑ − e−µϑ−ψ (eψ−µϑψ,ϑ),ϑ − e−2µR(ψ + ν),Rµϑ,R
−e−µR−µϑ
[(
eµR−µϑµR,ϑ
)
,ϑ
+
(
eµϑ−µRµϑ,R
)
,R
]
+
1
2
(ω,ϑ)
2 e2ψ−2µϑ−2ν .
Finally, the components G(R)(R) and G(ϑ)(ϑ) of the Einstein tensor are computed to be
G(R)(R) = e
−2µR
[
ν,R (ψ + µϑ),R + ψ,Rµϑ,R
]
+
1
4
e2ψ−2ν
[
(ω,R)
2e−2µR − (ω,ϑ)2e−2µϑ
]
+ e−2µϑ
[
(ψ + ν),ϑ,ϑ + (ψ + ν),ϑ(ν − µϑ),ϑ + ψ,ϑψ,ϑ
]
, (65)
G(ϑ)(ϑ) = e
−2µR
[
(ψ + ν),R,R + (ψ + ν),R(ν − µR),R + ψ,Rψ,R
]
+ e−2µϑ
[
ν,ϑ (ψ + µR),ϑ + ψ,ϑµR,ϑ
]
− 1
4
e2ψ−2ν
[
(ω,R)
2e−2µR − (ω,ϑ)2e−2µϑ
]
. (66)
IX. KERRR METRIC REVISITED
We show that the so-called Kerrr metric [17]
ds2 =
(
1− 2RM(R)
Σ
)
dt2 +
4aRM(R)
Σ
sin2 ϑdtdϕ− Σ
∆
dR2 − Σdϑ2
− sin
2 ϑ
Σ
[
(R2 + a2)2 − a2 sin2 ϑ∆] dϕ2 (67)
with
Σ = R2 + a2 cos2 ϑ, ∆ = R2 − 2RM(R) + a2
does not satisfy Einstein field equations Gµν = −8πTµν with energy-momentum tensor
T µν = (ρ+ pϑ)(u
µuν − ℓµℓν)− pϑδµν , (68)
uµ =
√
−gRR (δµt + Ωδϕµ) , uϕut = Ω = aR2 + a2 , ℓµ = − 1√−gRR δµR (69)
and ρ given by
ρ(R, ϑ) =
R4
Σ2
ρG(R), ρG(R) =
M
8π3/2ℓ30
e−R
2/4ℓ2
0 , ρ+ pϑ = − Σ
2R
∂Rρ. (70)
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In contrast to the theorems 1 and 2 we use here the four-velocities as given in [17]. Notice
that ρG is a function depending uniquely on the spatial variable R. For the present purpose
it is sufficient to consider the Einstein field equations
Gtt = −8πTtt, GRR = −8πTRR.
By means of the software package Maple 12 we found that the components Gtt and GRR of
the Einstein tensor are given by
Gtt =
1
Σ3
[
a2RΣ sin2 ϑ
d2M
dR2
− 2(R2∆− a4 sin2 ϑ cos2 ϑ)dM
dR
]
, (71)
GRR =
2R2
Σ∆
dM
dR
. (72)
Making use of (68), (69) and (70) we find that
Ttt = − ∆
3
2R(R2 + a2)2
∂R
(
R4
Σ2
ρG(R)
)
+
(
1− 2RM(R)
Σ
)[
R4
Σ2
ρG(R) +
Σ
2R
∂R
(
R4
Σ2
ρG(R)
)]
, TRR = − R
4
Σ∆
ρG(R).
As in [17] from the equation GRR = −8πTRR we obtain the following result for the mass
function M(R), namely
M(r) = 4π
∫ R
0
dx x2ρG(x). (73)
Concerning the equation Gtt = −8πTtt it is convenient to rewrite the component Ttt as
follows
Ttt = − ∆
3
2R(R2 + a2)2
(
4
R2
Σ2
ρG(R)− 4R
4
Σ3
ρG(R) +
R3
Σ2
dρG
dR
)
+
(
1− 2RM(R)
Σ
)(
2
R2
Σ
ρG(R)− R
4
Σ2
ρG(R) +
R3
2Σ
dρG
dR
)
. (74)
Equating (71) to −8π(74) and multiplying by Σ3 we obtain
a2RΣ sin2 ϑ
d2M
dR2
− 2(R2∆− a4 sin2 ϑ cos2 ϑ)dM
dR
= 8πR2
[
2∆3(Σ− R2)
(R2 + a2)2
− (Σ− 2RM(R))(2Σ−R2)
]
ρG(R)+
4πR3Σ
[
∆3
(R2 + a2)2
− (Σ− 2RM(R))
]
dρG
dR
.
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In order to further simplify the above expression we shall apply (73) to the l.h.s. of the
above equation. Therefore, taking into account that
a2RΣ sin2 ϑ
d2M
dR2
− 2(R2∆− a4 sin2 ϑ cos2 ϑ)dM
dR
= 8πR2
[
2a4 sin2 ϑ cos2 ϑ− R2(Σ− 2RM(R))] ρG(R) + 4πa2R3Σ sin2 ϑdρG
dR
,
we finally obtain the equation
8πR2
[
2∆3(Σ−R2)
(R2 + a2)2
− (Σ− 2RM(R))(2Σ−R2) +R2(Σ− 2RM(R))
−2a4 sin2 ϑ cos2 ϑ] ρG(R) + 4πR2
[
∆3Σ
(R2 + a2)2
−Σ(Σ − 2RM(R))− a2Σ sin2 ϑ] dρG
dR
= 0. (75)
Observing that
−(Σ− 2RM(R))(2Σ−R2) +R2(Σ− 2RM(R))− 2a4 sin2 ϑ cos2 ϑ = −2a2∆cos2 ϑ
and
−(Σ− 2RM(R))(2Σ− R2)− a2Σ sin2 ϑ = −Σ∆
equation (75) simplifies as follows
4
[
∆2(Σ−R2)
(R2 + a2)2
− a2 cos2 ϑ
]
ρG(R) +RΣ
[
∆2
(R2 + a2)2
− 1
]
dρG
dR
= 0. (76)
Since
∆2(Σ− R2)
(R2 + a2)2
− a2 cos2 ϑ = a2 cos2 ϑ
[
∆2
(R2 + a2)2
− 1
]
equation (76) takes the final form
dρG
dR
+
4a2 cos2 ϑ
RΣ
ρG(R) = 0.
Hence, we have a contradiction since it has been assumed that ρG depends uniquely on the
variable R.
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X. CHOICES OF THE ENERGY DENSITIES
Throughout the paper we have kept the density ρθ as a free function. However, a few
comments regarding the choice are in order. The authors of ([17]) advocate the following
form
ρθ(R, ϑ) =
M
8π3/2ℓ
3/2
0
R2
Σ
e−R
2/4ℓ2
0 ,
where Σ = R2 + a2 cos2 ϑ, a is the angular momentum of the black hole per unit mass and
R, ϑ, ϕ are Boyer-Lindquist coordinates. According to the prescription outlined in the intro-
duction it appears to us that a more sophisticated choice might also be possible. Consider
the classical ring singularity
ρcl(x, y, z) = Mδ(x
2 + y2 − a2)δ(z).
Then, every δ-distribution must be replaced by a separate Gaussian distribution. This would
give us in cylindrical coordinates a density proportional to
ρ(ξ, z) ∝ e−(ξ−a)2/4θe−z2/4θ,
where ξ =
√
x2 + y2. Of course, this equation is written in cylindrical coordinates and
should be rewritten in Boyer-Lindquist coordinates.
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